We generalize a small-energy expansion for one-dimensional quantummechanical models proposed recently by other authors. The original approach was devised to treat symmetric potentials and here we show how to extend it to nonsymmetric ones. Present approach is based on matching the logarithmic derivatives for the left and right solutions to the Schrödinger equation at the origin (or any other point chosen conveniently). As in the original method, each logarithmic derivative can be expanded in a small-energy series by straightforward perturbation theory. We test the new approach on four simple models, one of which is not exactly solvable. The perturbation expansion converges in all the illustrative examples so that one obtains the ground-state energy with an accuracy determined by the number of available perturbation corrections.
Introduction
In a recent paper Bender and Jones [1] proposed a convergent perturbation series for the calculation of the eigenvalues of the Schrödinger equation in one dimension. The approach consists of the expansion of the eigenfunction as a power series of the energy E itself and the construction of a function f (E) that vanishes when E = 0 and increases monotonically till f (E 0 ) = 1, where E 0 is the lowest eigenvalue. This strategy is based on the fact that the eigenfunction ψ (x, E) satisfies ψ(0, E 0 ) = 0 in the case of symmetric potentials V (−x) = V (x). By means of a suitable modification of this approach the authors were also able to treat parity-time invariant Hamiltonians with one-dimensional complex potentials that satisfy V (−x) * = V (x). The method is not restricted to the ground state; the zeros of the Padé approximants for the smallenergy expansion of f (E) − 1 are estimates of the energies of the excited states [1] .
The purpose of this paper is to extend the approach proposed by Bender and Jones to non-symmetric potentials. To this end, in Sect. 2 we derive the method in a more general way focussing on the logarithmic derivative of the eigenfunction. In Sect. 3 we briefly consider an exactly-solvable symmetric potential bounded from below and above. The reason for including such an example in the present paper is that Bender and Jones only considered problems with an infinite number of bound states. In Sect. 4 we discuss an exactly-solvable finite non-symmetric well and illustrate the application of the generalized perturbation method. In Sect. 5 we consider three non-symmetric infinite wells, one of which is not exactly solvable. Two of them are non-symmetric versions of the problems discussed by Bender and Jones. Finally, in Sect. 6 we summarize the main results of the paper and draw conclusions.
The method
Consider the dimensionless one-dimensional Schrödinger equation
where V (x) is bounded from below. The solution satisfies the boundary conditions
when E is one of the bound-state eigenvalues E 0 < E 1 < . . .. If E is not exactly one of those eigenvalues then ψ(x, E) can satisfy at most one of the boundary conditions. Suppose, for example, that ψ(x, E) satisfies the right boundary condition
for an arbitrary value of E. Let ψ 0 (x) = ψ(x, 0) be a solution to Eq. (1) that satisfies the same boundary condition (3) for E = 0. The function φ(x, E) defined by
satisfies φ(x, 0) ≡ 1 and enables us to reduce the Schrödinger Eq. (1) to the simpler form
If we expand φ(x, E) in a Taylor series about E = 0
where φ 0 (x) = φ(x, 0) ≡ 1, then we can easily obtain the coefficients φ j (x) of this perturbation expansion iteratively from Eq. (5) as:
The method of Bender and Jones [1] applies to symmetric potentials
In this case the logarithmic derivative of the solution
satisfies L(0, E 0 ) = 0 so that the function
increases monotonically from f (0) = 0 to f (E 0 ) = 1 [1] . It follows from Eq. (6) that this function can be expanded in the small-energy series
Since ψ(0, E 1 ) = 0 both L(0, E) and f (E) are singular at E = E 1 and the radius of convergence of the small-energy series cannot be greater than E 1 (the case in which V (x) supports just one bound state will be discussed later on in Sect. 3). The calculation of the perturbation coefficients c j can be greatly simplified by choosing a convenient normalization condition. For example, if we choose ψ(0, E) = ψ 0 (0) = 1 then φ(0, E) = 1 and
so that
Obviously we can obtain E 0 as a root of either f (E 0 ) = 1 or L(0, E 0 ) = 0, where
This function can also be expanded in a small-energy series
In the more general case of a non-symmetric potential
We also need the corresponding reference solutions, or solutions of order zero, ψ (L)
) that satisfy similar left and right boundary conditions, respectively. In this case it is also useful to choose the normal-
The left and right logarithmic derivatives
match at x = x 0 if and only if E is one of the bound-state eigenvalues:
then the left and right logarithmic derivatives become
The perturbation approach is similar to the one outlined above; we simply expand
where φ (L ,R) 0 (x) ≡ 1, and obtain the perturbation corrections φ (L ,R) j (x) from two equations similar to (7). Straightforward integration leads to
that provide the perturbation corrections iteratively for n = 1, 2, . . . starting from
The second expression is identical to the one derived by Bender and Jones for the symmetric case.
Since ψ (L) 0 (x) and ψ (R) 0 (x) decay to the left and right, respectively, then ψ (L)
are monotonically decreasing an increasing, respectively, matching at E = E 0 .
Finite symmetric well
Bender and Jones studied several symmetric wells that are unbounded from above and therefore support an infinite number of bound states. Although the aim of this paper is the application of the small-energy expansion to non-symmetric potentials we first consider symmetric wells bounded from below and above. Without loss of generality we assume that 0 ≤ V (x) ≤ V R . It is well-known that such a potential supports a bound state no matter how small the well depth V R . If there is only one bound state, then the singularity of f (E) closest to the origin in the complex E plane cannot be an excited state. This is the main reason for discussing such symmetric wells here.
The simplest exactly-solvable model is given by
A straightforward calculation yields the logarithmic derivative at the origin
that can be expanded in the E-series 
which clearly shows that it is monotonically increasing. Its radius of convergence is determined by E = V R > E 0 so that the perturbation expansion will enable us to obtain the lowest eigenvalue E 0 with arbitrary accuracy. For example, Table 1 shows the rate of convergence of the approximate eigenvalue estimated from the expansion ( 24) for V R = 1.
Finite non-symmetric well
As a first illustrative example of non-symmetric potential we choose the exactlysolvable finite well
The exact logarithmic derivatives at the origin
can be expanded as
(27) Figure 1 shows L L (0, E) and L R (0, E) when V L = 2 and V R = 1. These curves intersect at the ground-state energy as argued above. For such values of the potential parameters there is just one bound state. Table 2 shows the rate of convergence of the estimated lowest eigenvalue obtained from the intersection of the series (27) for increasing truncation order.
Infinite wells
As an extension of the model with the linear symmetric potential V (x) = |x| discussed by Bender and Jones we consider its non-symmetric version where a L , a R > 0. In this case we have
where A i (z) is an Airy function [2] .
In order to carry out a sample calculation we choose a R = 1 and a L = 2 and obtain the series
The singularities of L L (0, E) and L R (0, E) for this particular choice of potential parameters are located at E = 3.711514163 and E = 2.338107410, respectively. Since both are larger than E 0 the perturbation expansions (30) are suitable for the calculation of this eigenvalue with arbitrary accuracy. Table 3 shows the rate of convergence of the approach for the lowest eigenvalue E 0 . As a non-symmetric extension of the harmonic oscillator discussed by Bender and Jones we consider the potential
where a L , a R > 0. In this case we have
where D ν (z) is a parabolic cylinder function [2] . For a L = 2 and a R = 1 we have the small-energy expansions for the left and right solutions, respectively. Table 4 shows the convergence of the series for the lowest eigenvalue of the non-symmetric quadratic well (31) estimated from the truncated small-energy series (33). Finally, we consider the Schrödinger Eq. (1) with the non-symmetric anharmonic potential
that is not exactly solvable. Note that the minimum of the potential-energy function V min = V (x min ) is not located at the origin but at x min = −3λ/4 and that V (0) = 0 > V min = −27λ 4 /256 does not agree with the assumption made above. However, that arbitrary assumption was made for simplicity and is unnecessary for the application of the approach. In this case we do not attempt to calculate the small-energy series for the left and right logarithmic derivatives and instead obtain L L (0, E) and L R (0, E) quite accurately by means of a variant of the Riccati-Padé method (RPM) [3] .
The logarithmic derivative (8) can be expanded in a Taylor series about x = 0
where the coefficients g j , j > 0, depend on both g 0 and E. The Hankel determinants (E), D = 2, 3, . . . that converge towards L L (0, E) and L R (0, E). For each value of E the RPM yields both L L (0, E) and L R (0, E) simultaneously as limits of two sequences of roots of the same sequence of Hankel determinants.
For concreteness we restrict ourselves to λ = 0.1 that is sufficiently small to expect L L (0, E 0 ) = L R (0, E 0 ) = L(0, E 0 ) to be close to zero. Figure 2 shows that the left and right logarithmic derivatives approach each other (from above and below, respectively) as E increases from E = 0 and intersect at E 0 as expected. In this straightforward application of the RPM we simply chose d = 0 and 2 ≤ D ≤ 15.
We can also calculate the value of E 0 quite accurately by means of the standard RPM that is based on pairs of Hankel determinants H d,e D (E, [3] . In this case, sequences of roots of the set of nonlinear equations H d,e D (E, g 0 ) = 0, H d,o D (E, g 0 ) = 0 converge towards E 0 and L(0, E 0 ). For λ = 0.1 we obtain
that agree with the intersection shown in Fig. 2 . Here we chose the same values of D and d indicated previously.
Conclusions
The aim of this paper is the generalization of the method of Bender and Jones so that it can be applied to non-symmetric potentials. Present approach consists of matching the logarithmic derivatives of the left and right solutions at a chosen coordinate point. The matching procedure itself is well known but here it is combined with the original idea of the small-energy series proposed by those authors. The series are convergent as in the case of the symmetric potentials studied earlier. It is worth noting that the same procedure applies to symmetric potentials but in this case it is not necessary to carry out both calculations because the two curves L L (0, E) and L R (0, E) are symmetric with respect to the E axis and intersect at L(0, E 0 ) = 0.
As illustrative examples we explicitly considered three exactly solvable models and a nontrivial anharmonic oscillator. In the latter case we did not derive the small-energy series that should have been carried out in an entirely numerical way and restricted ourselves to the accurate calculation of the two logarithmic derivatives at origin by means of the RPM. In this way we showed that the two curves intersect at the groundstate energy that we also calculated accurately by means of another version of the RPM.
